Irregular objects are ubiquitous in nature and their vibrational properties are a subject of theoretical and practical interest. The language of fractal geometry [1] permits one to describe many irregular systems in a well-defined geometrical framework. Moreover, when the physical properties of a system are due to the hierarchical character of its geometry [2] , the study of deterministic fractal structures may allow us to grasp the essential properties related to strong irregularity. This paper describes the first quantitative experimental observation and analysis of the localization mechanisms in macroscopic fractal drums. A fractal drum is the simplest example of a surface fractal resonator, here a flat surface bound by a fractal frontier [3] . Mathematical aspects of the study of fractal drums can be found in Refs. [4] and [5] . The excitations of such systems have been called fractinos [6] . A few of the lower modes have been observed experimentally and studied by numerical simulations [6] . For nondissipative systems, the strong irregularity in the boundary geometry shows up in two ways. First, there is a strong modification of the low-frequency density of states. Second, some eigenmodes which are considered as localized are confined in specific geometrical regions.
The present experiment is carried out on the drum shown in Fig. 1 . The fractal boundary is a prefractal of the second generation [7] . In addition to its irregularity, it is composed of three zones, A, B, and C, connected by "channels." This shape has been chosen to be nonsymmetric in order to avoid geometrical degeneracy. Such a structure could be responsible for the mechanism of localization described in Ref. [6] . Indeed, in a previous numerical study of a drum of generation 3, the fundamental mode was found to be strongly confined in the larger, central region (A) of the resonator. In this Letter, experimental evidence is given for the existence of localized modes at various frequencies. This existence is sustained by numerical calculations. Moreover, two types of localization are found and discussed.
The drum membrane is made of a liquid crystal in smectic A phase, in which the smectic layers are liquidlike [8] . This implies that the film's tension is automatically isotropic and uniform. It is made of the S2 mixture from British Drug House, which gives a SmA phase at room temperature.
For a film of uniform thickness e, the transverse displacement z͑x, y͒ referring to the equilibrium position obeys the 2D Helmholtz equation [9] gDz͑x, y͒ re ≠ 2 z͑x, y͒
where r is the film density and g its tension. Moreover, one has z͑x, y͒ 0 on the boundary (Dirichlet condition). The sound velocity is c p g͞re, with a typical value of 20 m ? s 21 . The frame on which the films were drawn was made by electroforming a nickel sheet of thickness 80 mm, with a precision of 5 mm on the pattern. After being drawn, the liquid crystal film reaches its equilibrium thickness e after several hours. The final thickness is uniform over the whole surface of the membrane, except for the meniscus which connects the film to the frame. The lateral dimension of the meniscus is of order 100 mm, then negligible compared to the size of the drum (1 cm). The experimental setup is depicted in Fig. 1 [10] . The cell containing the film is evacuated in order to eliminate the effect of the surrounding gas inertia. The excitation uses a pinpoint electrode localized under the film [11] . A dc 1 ac sinusoidal voltage is applied on this electrode. The ͑x, y, z͒ electrode position is controlled within 10 22 mm. The reflection of a laser beam allows us to observe the vibrational motion of the film [11] . The deviation of the laser from its initial direction is detected using a quadrant photodiode. The excitation frequency is scanned from a few hundred Hz up to several kHz to obtain the frequency spectrum. A lock-in amplifier measures the amplitude and the phase of the photodiode signal.
The method for visualizing eigenmode shapes is based on the fact that the pinpoint electrode provides a localized excitation. In the general case, the excitation is proportional to the scalar product of the force F͑x, y͒ on the membrane and the amplitude distribution z͑x, y͒ of the mode. Here, in first approximation, the excitation force is a delta function located above the pinpoint electrode. The amplitude of the laser signal is then directly proportional to the eigenmode amplitude at ͑x, y͒. Thus, to detect the magnitude and sign of an eigenmode's amplitude, the position of the laser detection is kept fixed and the surface of the film is scanned by the excitation electrode using an ͑x, y͒ positioning system driven by step motors.
An experimental amplitude spectrum is shown in Fig. 2 . The resonance peaks are broadened by finite damping due to interlayer friction occurring in the film and to the residual gas viscosity. The resonance widths are typically on the order of Dn 5 Hz. For a resonance frequency of 1 kHz, this corresponds to a quality factor of order Q ഠ 200. This allows us to neglect the dissipation forces in Eq. (1). Moreover, the relative shift of the peak maximum with respect to the frequency of an undamped resonator is then of order Q 22 ഠ 10 25 , indeed negligible compared to the experimental errors of order 0.5%. The experimental results are now compared with the numerical computation of the eigenfrequency spectrum and the spatial distribution of eigenmode amplitudes. The numerical results are calculated using the exact mathematical correspondence between the eigenstates of (1) and the Fourier equation ≠P͑x, y, t͒͞≠t DDP͑x, y, t͒ with the same Dirichlet boundary condition. Here P͑x, y, t͒, which can be positive or negative, measures the concentration of diffusing particles and D is the diffusion constant. If a function z n ͑x, y, t͒ c n ͑x, y͒ exp͓2iv n t͔ is a solution of (1), the function P n ͑x, y, t͒ c n ͑x, y͒ exp͓2t͞t n ͔ is a solution of the Fourier equation, provided that ͑Dt n ͒ 21 v 2 n ͞c 2 . The reverse is also true, and the stationary eigenmodes c n ͑x, y͒ are identical. The numerical method uses an iterative computation for the eigenstates based on the calculation of time dependent solutions of the diffusion equation. This method, discussed in Refs. [6] and [7] , has been shown to provide very good accuracy.
In order to compare calculation and experiments, it is essential to use quantities that are independent of the film thickness and of the frame size. For this, the normalized spectrum V The integrated density of states is also shown in Fig. 3  (inset) . Here, the frequency has been normalized by the fundamental frequency of the square drum with the same area L 2 , v is also drawn for comparison. The experiment then confirms that the integrated density of states is significantly decreased by the irregularity [6] . Our numerical calculation also gives the amplitude distribution of the modes. A simple observation of the amplitude illustrates good qualitative agreement between experimental and numerical distributions. The majority of the modes are confined in the sense that they do not evenly occupy the surface of the resonator. It is usual to quantify localization effects by comparing the participation ratios q n , where n is the mode index. This quantity is the ratio q n V n ͞L 2 , where V n ͑ R jc n j 4 ds͒ 21 and c n is normalized by R jc n j 2 ds 1. The participation ratio measures the relative volume occupied by a given mode. For a square membrane where the eigenstates are sine functions, q 4͞9 ഠ 0.44. The calculated values of q n for the prefractal shape of Fig. 1 are given in Fig. 4 . They spread between 0.03 and 0.34, the mean value being q 0.26. The modes are therefore more confined than for a square system. The horizontal lines in Fig. 4 indicate, respectively, q and q 6 s, s being the standard deviation.
The experimental amplitude distribution of modes n 1, n 8, and n 38 are shown in Fig. 5 . They all exhibit confinement effects due to the structure. The fundamental mode, characterized by q 1 0.29, is confined in region A. Near the straight boundary, it exhibits a usual sine shape. When approaching the irregular boundary, it decays exponentially, because of strong attenuation encountered at the neighborhood of an irregularity. The experimental and numerical amplitudes for c 1 along the Y axis shown in Fig. 1 are plotted in Fig. 6 . The experimental and numerical curves are in good agreement. Numerically, a succession of exponential decays with increasing exponents was found, as already discussed in [6] . This corresponds to the fact that the wave is more and more "evanescent" when entering smaller and smaller details of the geometry. This strong decrease of the amplitude is thus linked to the intrinsic self-similar structure of the fractal. The experimental accuracy was not sufficient to really observe these successive exponential decays, because the vibration amplitude is too small in these regions. This type of confinement can be related to strong localization because the Dirichlet condition forbids any motion on the irregular frontier. This corresponds, for the analogous quantum well problem [12] , to an infinitely repulsive potential at the well boundary.
Modes n 8 and n 38 are of special interest because of their small existence volumes: q 8 0.14 and q 38 0.044. The mode n 8 is mostly localized in region FIG. 4 . Numerical values of the participation ratio for the lower 170 modes of the fractal drum of Fig. 1. B. This is also due to a strong localization mechanism linked to the Dirichlet boundary condition. Indeed, this localization effect is classical since the half-wavelength of the mode is larger than the width W of the channel connecting B to A. Consequently the coupling between B and A is small. Such an effect could disappear in the case of accidental degeneracy where the levels of the regions A and B would be coupled resonantly.
The mode n 38 is also localized in region B, with a small q value. But in this case, the wavelength in the direction perpendicular to the axis of the channel is smaller than W. Although there is no reason why regions A and B should not be strongly coupled, this mode is found localized in B. The explanation for this effect is analogous to what was suggested as a weak localization mechanism in the case of Neumann fractinos [7] . Considering the diffusion picture, one may argue that the net flux from region B into region A can be small because the maxima and minima in the localization region can annihilate locally [7] . Translating this into its vibrational equivalent, one could explain this effect in terms of interference of the wave amplitudes. The various waves that escape from region B through reflection and diffraction on the irregular boundary have no reason to interfere constructively outside of region B. It is then natural to consider that this localization effect is principally due to constructive interference inside region B and destructive interference outside. This is a weak localization mechanism. This term is used here in the same general meaning as the one describing enhanced backscattering in random media.
Note that the localization effects observed here are in no way due to dissipation as those observed in [6] . Indeed, the traveling time of the wave from one side of the resonator to the other, i.e., t travel d͞c ഠ 0.3 ms, is smaller than the damping time t damp ഠ 1͞Dn ഠ 0.20 s.
In summary, the low-frequency spectrum of a fractalshaped liquid crystal membrane has been observed in a macroscopic experiment. The values of the eigenfrequencies agree very well with their numerical estimates. Confinement effects linked to the irregular geometry of the resonator have been found and compared with the numerical predictions. Some of the modes exhibit strong localization, while others are localized through destructive interferences of waves reflected and diffracted by the irregular frontier. This is the first experimental observation of localization by the frontier proposed in Ref. [7] . These results suggest that, in the limit of a mathematical fractal, some modes of very high frequency should be truly localized at the frontier, "truly" meaning that their participation ratio would tend to zero with increasing frequency.
